In order to reconstruct the arbitrary shaped incompressible velocity field with noises, a new data-processing fluid dynamics (DFD) based upon the seamless immersed boundary method is proposed. The velocity field with noises is reconstructed by the Helmholtz's decomposition. The performance of DFD is demonstrated first for the reconstruction of velocity with noises and erroneous vectors. Also, the seamless immersed boundary method is incorporated into the velocity reconstruction for complicated flow geometry. Some fundamental flow fields, i.e., the square cavity flows with a circular cylinder and a square cylinder, are considered. As a result, it is concluded that the present DFD based upon the seamless immersed boundary method is very versatile technique for velocity reconstruction of the arbitrary shaped incompressible velocity with noises.
Introduction
In order to investigate the incompressible flows, there are mainly two ways, i.e., experiment and computation. In the today's experimental fluid dynamics (EFD), the particle imaging velocimetry (PIV) and particle tracking velocimetry (PTV) techniques are applied to measure the various two or three dimensional incompressible flow fields. However, the velocity fields obtained by the PIV or PTV measurement include some noises. If the post-processing by using the Navier-Stokes equations is carried out, the original experimental data cannot be extracted necessarily. Then, it is necessary to develop the post-processing based upon the mathematical request. On the other hand, the computational fluid dynamics (CFD) becomes the very powerful tool to investigate the flow fields. But, it is very difficult to prepare the appropriate initial velocity data, in order to compare exactly with the experimental velocity data.
In this work, the data-processing fluid dynamics (DFD) is applied in order to complement the weak points of CFD and EFD. In EFD, the experimental velocity field does not usually satisfy the incompressible continuity equation because of some noises due to experimental error. This experimental velocity field can be corrected by using the DFD techniques to satisfy the incompressible continuity equation (1) , (2) , because the DFD is based upon the mathematical request only, i.e., the Helmholtz's decomposition and the spatial filtering. In the Helmholtz's decomposition, the divergence free part, i.e., the velocity satisfied incompressible continuity equation, is extracted. In the spatial filtering, the small structures due to noises are removed. Also, when the velocity field satisfied the incompressible continuity equation is obtained, it is possible to compute the corresponding pressure field by solving the incompressible pressure equation. In CFD, the correct turbulent velocity field cannot be usually obtained not so far as the huge computational grid points, in which can resolve the molecular viscosity, are used. It is very important to incorporate the experimental velocity data into CFD analysis. Therefore, DFD is the frontier region linked between EFD and CFD.
In the practical flow analysis, the flow geometry is complicated, e.g., curved flow field with obstacles. For these flow simulations, the boundary fitted coordinates (BFC) are usually used in CFD. This BFC approach has the high adaptability to the boundary configuration. However, for more complicated flow geometry, it is difficult to generate the computational grid. Today, there are many cases in which the grid generation consumes more processing time than the flow solver. In recent years, the Cartesian grid approach is highlighted again for the numerical flow simulations. For the Cartesian grid approach the immersed boundary method (IBM) (3) has been applied to many simulations of incompressible flow. In this work, the seamless IBM proposed by Nishida (4) is adopted. The seamless IBM is improvement of the IBM with discrete forcing treatment (5) . In order to satisfy the velocity conditions on the virtual boundary points, the forcing term is added not only on the grid points near the boundary but also on the grid points inside the boundary in the seamless IBM. The seamless IBM can simulate the incompressible flows with moving boundary (6) and heat transfer (7) successfully.
In this work, the velocity of arbitrary shaped incompressible flow field with noises is reconstructed by using DFD and the seamless IBM on the relatively small grid size to account for the practical velocity measurements. First, the property of present velocity reconstruction by using the Helmholtz's decomposition is demonstrated in the removal of noises and the correction of erroneous velocity vectors. Next, the velocity reconstruction of arbitrary shaped incompressible flow field with noises by using DFD and the seamless IBM is proposed. In order to validate the property of present approach, the square cavity flows with a circular cylinder and a square cylinder are considered. The present reconstruction performance is discussed.
Data-processing Fluid Dynamics

Helmholtz's decomposition
In this work, two assumptions are set, i.e., 1) the velocity field constructed by noises has the small structures and 2) the velocity field satisfies the continuity equation for incompressible flow. In assumption 1), the spatial filtering (8) is applied to remove the noises with small structure. On the other hand, in order to extract the velocity satisfied incompressible continuity equation, i.e., assumption 2), the Helmholtz's decomposition is adopted. In this paper, the Helmholtz's decomposition is only considered. The arbitrary velocity vector, u, can decompose into two parts, i.e., divergence free part, u i , and rotation free part, u c , as
From Eqs. (1) 
For simplicity, the 2D Poisson equations for velocity components can be written by Equations (5) and (6) with appropriate boundary conditions can be solved by the usual iterative methods. In this paper, Eqs. (5) and (6) 
where N x and N y denote the number of grid points in x and y directions, and m the iteration level. In comparison with the Fourier transformation approach, this approach is very flexible because of no restriction of boundary conditions. The Helmholtz's decomposition can easily extend to 3D problems.
Property of velocity reconstruction
First, in order to demonstrate the property of present velocity reconstruction, the Taylor-Green vortex flow is considered. In 2D Taylor-Green vortex flow (9) , the velocity and pressure fields can be written by
where ν is the kinematic viscosity. These primitive variables are periodic functions and defined in the region,
. These velocity components, u and v, and pressure exactly satisfy the continuity equation and incompressible Navier-Stokes equations. In this work, these velocity components at t=0 are adopted as the fundamental velocity field. Figure 1 shows the fundamental velocity field on 64 64 × grid points. The noises are added to the fundamental velocity field. In this work, the white noises obtained by uniform random number in the range [-1,1] are considered. Then, the velocity field with noises can be written by
where Δu and Δv are white noises, α the parameter for intensity of noises. Two cases with α=0.03 (3%) and α =0.1 (10%) are considered. Figure 2 shows the u component with 3%and 10% noises. In the practical experiments, 10% noises are too large, but these large noises are adopted to estimate the present velocity reconstruction performance. In 10% noises case shown in Fig.2(b) , the fundamental velocity field shown in Fig.1(a) cannot be found.
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(a) 3% noises (b) 10% noises . The reconstructed velocity (u) is shown in Fig.3 . Table 1 represents the L 2 error of velocity. The continuity equation (2) is estimated by the second order centered finite difference. It is clear that the smooth velocity field can be obtained and the fundamental velocity field can be reproduced. The error between fundamental velocity and the reconstructed one is about 10 -2~1 0 -3 . Especially, the dilatation shows very small values, so that the incompressible velocity field, i.e., divergence free (
), can be obtained. As another flow field, the cavity flow with Re=100 is considered. The moving wall velocity is set as Cartesian grid with 65 65× grid points is used for this problem. The steady-state velocity field is shown in Fig.4 . The velocity with 3% noises is represented in Fig.5 . In u-component, the fundamental velocity can be determined, but v-component is not kept the fundamental velocity field. The velocity Poisson equations, Eqs. (5) and (6), are solved with the Diriclet boundary conditions, i.e., the moving velocity on the moving wall and the non-slip condition on the other walls. Figure 6 shows the reconstructed velocity field by the Helmholtz's decomposition. In the reconstructed velocity, the L 2 -error is 4.013 × 10 -3 for ext, the correction of velocity field with the erroneo cal incompressible velocity measurements, the erron vectors are removed in the flow field, so that it is n rs at these removed positions. Then, the present D ction of velocity field with the erroneous vectors eous vector at multiple points and the regions with e previous Taylor-Green vortex flow. In the isolated err shows the initial velocity field with the 16 positi ity field with 3% noises shown in Fig.2 . These positio 6,18), (8, 7) , (8, 12) , (21,61), (24,38), (27, 8) , (30,48), 3), (51,27), (56,58), (59,47), (60,57). At these positio =(0,0). In this case, the source terms of Eqs. (5) and positions, because the velocity is tentative. Ther ons is updated in the every iteration. The reconstru It is found that the very smooth velocity field can b ity field can be reproduced. In the reconstructed veloci lmost incompressible velocity field can be obtained. ity ω in these regions is updated in the every iterat n in Fig.9 . And the resulting reconstructed velocity is ns are shown clearly. Conversely, the almost fundame (0,0) in these regions. Also, the tion. The initial velocity field is shown in Fig.10 . In Fig.9 , these ental velocity shown in Fig.1 
U
for non-slip boundary condition and stationary solid media.
Similar to the momentum equations, the solutions of the velocity Poisson equations, Eqs. (5) and (6) where τ is the pseudo-time. In the seamless IBM for the pseudo-time dependent velocity equations, the external source term is added to Eqs. (12) and (13) 
where S u and S v denote the additional source terms. As with the Navier-Stokes equations, Eq.(11), the additional source term can be determined by satisfying the velocity condition on the boundary and inside the boundary. For the forward Euler pseudo-time integration, the forcing term can be estimated by 
On the grid points closest to the boundary, the velocity, U and V , is estimated by the linear interpolation shown in Fig.11 . On the grid points inside the boundary, the velocity is fixed by the specified velocity, e.g., 0 = = V U for stationary media. Figure 12 shows the grid points added source term, S u and S v .
In the practical computation, the velocity Poisson equations with additional source terms, 
are solved by the appropriate iterative method. For the SOR method, the pseudo-time step is regarded as )]
is the acceleration coefficient. Then, Eqs.(18) and (19) can be solved with unconditionally stable condition. Also, the present DFD with seamless IBM has only the additional task of external source term estimation. 
Validation of present method
In order to validate the seamless IBM for velocity Poisson equations, the previous cavity flow in which the computational domain is extended downward, is considered. The grid resolution is the same as the cavity flow. The original lower boundary is expressed by the virtual boundary and the extended domain is set as the stationary wall. The velocity condition on the virtual boundary is non-slip and the velocity inside the boundary satisfies 0 Figure 13 shows the fundamental velocity profile. The velocity field with 3% noises is shown in Fig.14 . It is confirmed that the velocity inside the boundary is not zero, because the noises are added. The reconstructed velocity field shown in Fig.15 is almost the same as the fundamental velocity (Fig.13) . By using the present method, it is found that the most noises can be removed. The averaged velocity on the virtual boundary and inside the boundary satisfies the specified condition, Figure 16 shows the schematic of cavity flow with a square cylinder. The length of one side of a square cylinder is 1/3 and a square cylinder is positioned in the center of cavity.
Application to Cavity Flow with an Obstacle
Cavity flow with a square cylinder
The fundamental velocity field with Re=100 is shown in Fig.17 . The velocity is obtained by solving the incompressible Navier-Stokes equations by using the seamless immersed boundary method. The grid resolution is the same as the previous cases (65 × 65 grid points). Figures 18 and 19 show the velocity field with 3% noises and the resulting reconstructed velocity field, respectively. The velocity condition on the 
). In comparison with the fu structed velocity field is almost the same qualitativel s are almost eliminated. Table 3 represents the error an ity, the averaged velocity on the virtual boundary and for u-component and 1.113 × 10 -7 for v-component tion is satisfied.
avity flow with a circular cylinder
In order to valida cavity flow with a circ considered. The fund by the seamless imm Re=100 is shown in F is 65 × 65. boundary is set as non-slip and undamental velocity field, the ly. Also, it is confirmed that the nd dilatation. 
for v-component).
The error and dilatation shown in Table 4 are improved significantly in comparison with the velocity with noises. Then, it is confirmed that the present approach can apply to the curved boundary appropriately. 
× ×
Conclusions
In this paper, a new approach for reconstructing the velocity field with noises, i.e., DFD based upon the seamless immersed boundary method, is proposed. In the present method, the velocity Poisson equations with the additional source term are solved. The additional source term is determined by satisfying the velocity condition on the virtual boundary and inside the boundary, e.g., 0 = = V U for non-slip and stationary conditions. The performance of DFD is demonstrated first for the reconstruction of velocity with noises, isolated erroneous vectors and regions with erroneous vectors. It is found that the DFD can reproduce the fundamental velocity field with satisfying the incompressible continuity equation. The DFD based upon the seamless immersed boundary method is applied to the cavity flows with the extended domain, a square cylinder and a circular cylinder with noises. As a result, the reconstructed velocity field can reproduce the fundamental velocity field appropriately. Especially, the velocity condition on the virtual boundary and inside the boundary can be satisfied. Then, it is concluded that the present DFD based upon seamless immersed boundary method is very promising for reconstructing an arbitrary shaped flow with noises, e.g., the experimental velocity field, so that the experiment and computation can be linked effectively.
